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$X_{n}$ , , ( $\sigma$- $\mu$ ) $f1(x, t)$
$(t\in\Theta)$ . , $\Theta$ , $a,$ $b(-\infty\leq a<b\leq\infty)$
. $\mathrm{X}=(X_{1}, \ldots, X_{n})$ $\langle$ . sllpp(g) $\Theta$ $g$ .







(A2) $t$ ( ) $q$ 3 , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(q)\subset\ominus$ .
, $t$ $g(t)$ $\hat{g}$
$B( \hat{g}, q):=\int_{\Theta}E_{t}\{L(t,\hat{g})\}q(t)dt$
.
1. $\hat{g}(\mathrm{X})$ $g(t)$ , $h$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(h)\subset \mathrm{S}\mathrm{l}\mathrm{l}\mathrm{p}\mathrm{p}(q)$ $\mathrm{e}$
. $x$ , $t=a,$ $b$ $h(t)f_{1}(x, t)= \frac{\partial}{\partial t}\{h(t)f_{1}(x,t)\}=0$
, (AO) –(A2) .
$B( \hat{g}, q)\geq(E(\frac{g’h}{q}),$ $-E( \frac{g’’h}{q}))V^{-1}($ $E( \frac{g’h}{q}),$ $-E( \frac{g’’h}{q}))’$ . (2.1)







. $S_{i}=\{f(x, t)q(t)\}^{-1}$ ( ) $\{f(x, t)h(t)\}(i=1,2)$ .







$\int_{\Theta}\frac{\partial}{\partial t}\{f(x, t)h(t)\}dt=[f(x, t)h(t)]_{a}^{b}=0$ ,





$= \int_{\mathcal{X}}\hat{g}\int_{\Theta}\frac{\partial}{\partial t}\{f(x, t)h(t)\}dtd\mu-\int_{\mathcal{X}}\int_{\Theta}g\frac{\partial}{\partial t}\{f(x, t)h(t)\}dtd\mu$
$= \int_{\mathcal{X}}\int_{\Theta}g’(t)f(x, t)h(t)dtd\mu$
$= \int_{\Theta}g’(t)h(t)\int_{\mathcal{X}}f(x, t)d\mu dt$
$= \int_{\Theta}g’(t)h(t)dt=E(\frac{g’h}{q})$ (2.3)
. , $t=a,$ $b$ (\partial /&) $\{f(x, t)h(t)\}=0$
$E\{(\hat{\dot{g}}-g)S_{2}\}$
$= \int_{\mathcal{X}}\int_{\Theta}(\hat{g}-g)\frac{\partial^{2}}{\partial t^{2}}\{f(x, t)h(t)\}dtd\mu$
$= \int_{\mathcal{X}}\hat{g}\int_{\Theta}\frac{\partial^{2}}{\partial t^{2}}\{f(x, t)h(t)\}dtd\mu-\int_{\mathcal{X}}\int_{\Theta}g\frac{\partial^{2}}{\partial t^{2}}\{f(x, t)h(t)\}dtd\mu$
$= \int_{\mathcal{X}}\hat{g}[\frac{\partial}{\partial t}\{f(x, t)h(t)\}]_{a}^{b}d\mu+\int_{\mathcal{X}}\int_{\Theta}g’\frac{\partial}{\partial t}\{f(x,t)h(t)\}dtd\mu$
$=- \int_{\mathcal{X}}\int_{\Theta}g’’(t)f(x, t)h(t)d\mu dt$
$=- \int_{\Theta}g’’(t)h(t)\int_{\mathcal{X}}f(x, t)d\mu dt$
$=- \int_{\Theta}g’’hdt=-E(\frac{g’’h}{q})$ (2.4)
. , Borovkov and $\mathrm{S}\mathrm{a}\mathrm{k}\mathrm{h}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{k}\mathrm{o}^{[1]}$
$E(S_{1}^{2})=nE( \frac{h^{2}I}{q^{2}})+E\{(\frac{h’}{q})^{2}\}$ (2.5)






$=E \{L’L’’(\frac{h}{q})^{2}+2L^{\prime 2}\frac{hh’}{q^{2}}+\frac{h’h’’}{q^{2}}\}$ , (2.6)
$E(S_{2}^{2})=E \{(L’’\frac{h}{q}+2L’\frac{h’}{q}+\frac{h’’}{q})^{2}\}$
$=E \{L^{\prime\prime 2}(\frac{h}{q})^{2}+4L^{\prime 2}(\frac{h’}{q})^{2}+4L’L’’\frac{hh’}{q^{2}}$
$+2L” \frac{hh’’}{q^{2}}+4L’\frac{h’h’’}{q^{2}}+(\frac{h’’}{q})^{2}\}$ (2.7)
. $L’$ $L”$
$L’= \sum_{i=1}^{n}\frac{\partial}{\partial t}\log f_{1}(x_{i},t)$ ,
$L”= \sum_{i=1}^{n}\frac{\partial^{2}}{\partial t^{2}}\log f_{1}(x_{\dot{l}}, t)+\{\sum_{i=1}^{n}\frac{\partial}{\partial t}\log f_{1}(x_{i}, t)\}^{2}$ ,
$E_{t}(L^{\prime 2})=E_{t} \{\sum_{i=1}^{n}\frac{\partial}{\partial t}\log f_{1}(X_{i},t)\}^{2}=nI(t)$ , (2.8)
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$E_{t}(L’L’’)=E_{t}[ \{\sum_{i=1}^{n}\frac{\partial^{2}}{\partial t^{2}}\log f_{1}(X_{i}, t)\}\{\sum_{i=1}^{n}\frac{\partial}{\partial t}\log f_{1}(X_{i}, t)\}$
$+ \{\sum_{i=1}^{n}\frac{\partial}{\partial t}\log f_{1}(X_{i}, t)\}^{3}]$
$=nE_{t}[ \{\frac{\partial^{2}}{\partial t^{2}}\log f_{1}(X_{i}, t)\}\{\frac{\partial}{\partial t}\log f_{1}(X_{i}, t)\}]$
$+nE_{t}[ \{\frac{\partial}{\partial t}1o\mathrm{g}f_{1}(X_{i}, t)\}^{3}]$
$=nE_{t} \{\frac{f_{1}’f_{1}’’}{f_{1}^{2}}-(\frac{f_{1}’}{f_{1}^{2}})^{3}\}+nE_{t}\{(\frac{f_{1}’}{f_{1}})^{3}\}$ ,
$=nE_{t}( \frac{f_{1}’f_{1}’’}{f_{1}^{2}})$ (2.9)
. , $f_{1}’=\partial f(X_{i}, t)/\partial t,$ $f_{1}’’=\partial^{2}f(X_{i}, t)/\partial t^{2}$ .
, $E(L^{\prime\prime 2})$
$E_{t}(L^{\prime\prime 2})=E_{t}[ \{\sum_{i=1}^{n}\frac{\partial^{2}}{\partial t^{2}}\log f_{1}(X_{i}, t)\}^{2}+\{\sum_{i=1}^{n}\frac{\partial}{\partial t}\log f_{1}(X:, t)\}^{4}$






. (2.8), (2.9), (2.10) , (2.6) (2.7) ,









. , $V=\{E(S_{\dot{l}}S_{j})\}:,j=1,2$ .
$B(\hat{g},q)=E\{(\hat{g}-g)^{2}\}$
$\geq(E(g’h/q), -E(g’’h/q))V^{-1}(E(h/q), -E(g’’h/q))’$ (2.13)
, (2.3), (2.4), (2.5), (2.11), (2.12), (2.13) .
. $h=g’q/I$ sllPp(h)\subset supp(q) , (AO) –(A2)
.
$B( \hat{g}, q)\geq(\int_{\Theta}\frac{g^{\prime 2}q}{I}dt,$ $- \int_{\Theta}\frac{g’g’’q}{I}dt)\tilde{V}^{-1}(\int_{\Theta}\frac{g^{\prime 2}q}{I}dt,$ $- \int_{\Theta}\frac{g’g’’q}{I}dt)’$ , (2.14)
, $V=\{E(S_{\dot{l}}S_{j})\}:,j=1,2$ $2\cross 2$ ,
$E(S_{1}^{2})=n \int_{\Theta I^{q}}\angle^{2}dt+\int_{\Theta}\frac{1}{q}(g_{I}^{\prime\prime q}+g’(_{I}^{q})’)^{2}dt$ ,
$E(S_{1}S_{2})=n[ \int_{\Theta I^{2}}\infty^{2}\int_{\mathcal{X}}f’[perp]_{f_{1}}f’’[perp] d\mu dt-2\int_{\Theta I}\not\leq\not\leq\acute{q}dt]+\int_{\Theta}\frac{1}{q}(\acute{\acute{\simeq}}_{I^{\mathrm{g}}}+g’(_{I}^{\mathrm{g}})’)$
. $(^{\not\leq_{I}\acute{\acute{s}}}+2g’’(_{I}^{\mathrm{g}})’+g’(_{I}^{\mathrm{g}})’’)dt,$ $E(S_{2}^{2})=2n^{2} \int_{\Theta}g^{\prime 2}qdt+n|\int_{\Theta I}\angle^{2}\neq\int_{\mathcal{X}f_{1}}\underline{f}_{\acute{\acute{\mathrm{L}}}}^{2}d\mu-2\int_{\Theta}g^{\prime 2}qdt+$
$4 \int_{\Theta}\frac{I}{q}(\angle_{\acute{I}}\mathit{9}+g’(_{I}^{\mathrm{g}})’)^{A}.dt+4\int_{\Theta I}g_{-}’(^{u_{\acute{\mathrm{r}}}}+g’(_{I}^{\mathrm{g}})’)\int \mathcal{X}-\acute{\acute{\acute{-}}}Jf_{1}d\mu dt|f$
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$+$ $\frac{1}{q}(\acute{\acute{L}}\acute{A}I+2g’’(_{I}^{q})’+g’(_{I}^{q})’’)^{2}dt$ . , (2.14)
$( \int_{\Theta}\frac{g^{\prime 2}q}{I}dt)n^{-1}+\{-\int_{\Theta}(\frac{g’’q}{I}+g’(\frac{q}{I})’)^{2}\frac{dt}{q}$
$+ \frac{1}{2\int_{\Theta}g^{2}qdt},(\int_{\Theta}\frac{g^{\prime 2}q}{I^{2}}\int_{\mathcal{X}}\frac{f_{1}’f_{1}’’}{f_{1}}d\mu dt-\int_{\Theta}\frac{g’g’’q}{I}dt)^{2}\}n^{-2}+O(n^{-3})$ $(narrow\infty)$
(2.15)
.
. ( ) (2.1) $h=g’q/I$ .
( ) (2.14) , $narrow\infty$
$( \int_{\Theta}\frac{g^{\prime 2}q}{I}dt)n^{-1}+\{-\int_{\Theta}\frac{h^{\prime 2}}{q}dt$
$+ \frac{1}{2\int_{\Theta}g^{2}qdt},(\int_{\Theta}\frac{g^{\prime 2}q}{I^{2}}\int_{\mathcal{X}}\frac{f_{1}’f_{1}’’}{f_{1}}d\mu dt+2\int_{\Theta}\frac{g’h’}{q}dt)^{2}$





. (1) $g=\theta$ , (2.15)
$( \int_{\Theta}\frac{q}{I}dt)n^{-1}+\{-\int_{\mathrm{e}}\frac{1}{q}(\frac{q}{I})’ dt+\frac{1}{2}(2\int_{\Theta}\frac{q}{I^{2}}\int_{\mathcal{X}}\frac{f_{1}’f\mathrm{i}’}{f_{1}}d\mu dt)^{2}\}n^{-2}$
$+O(n^{-3})$
105
(2) (2.15) Borovkov-Sakhanienko , $narrow\infty$
$B( \hat{g}, q)\geq\frac{(\int_{\Theta I}g^{2}\Delta dt)^{2}}{n\int_{\Theta I}\acute{L}^{2}Adt+\int_{\Theta}\frac{h^{\prime 2}}{q}dt}$
$=( \int_{\Theta}\frac{g^{\prime 2}q}{I}dt)n^{-1}+(-\int_{\Theta}\frac{h^{\prime 2}}{q}dt)n^{-2}+o(n^{-2})$
$=( \int_{\Theta}\frac{g^{\prime 2}q}{I}dt)n^{-1}+\{-\int_{\Theta}\frac{1}{q}(\frac{g’’q}{I}+g’(\frac{q}{I})’)^{2}dt\}n^{-2}+O(n^{-3})$ (2.16)
. , $h=g’q/I$ . , $n^{-1}$ (2.15) (2.16)
, $n^{-2}$








$=4( \mu^{2}+\sigma^{2})n^{-1}+\frac{-2(2\mu^{2}+3\sigma^{2})}{\sigma^{2}}n^{-2}+O$ ( -3) $(narrow\infty)$
. , $g’(t)=2t,$ $I(t)=E_{t} \{(\frac{\partial}{\partial t}\log f_{1})^{2}\}=1,$ $\int f’[perp]_{f1}f’’[perp] dx=0$ (2.15)
(2.16) ,
(2.15) : $4( \mu^{2}+\sigma^{2})n^{-1}+\{-4(2+\frac{\mu^{2}}{\sigma^{2}})+\frac{2\mu^{2}}{(\mu^{2}+\sigma^{2})}\}n^{-2}+O(n^{-3})$ ,




$(2- \frac{2\mu^{2}}{\mu^{2}+\sigma^{2}})n^{-2}+O(n^{-3})\geq 0$ $(narrow\infty)$
. , $n^{-2}$ $|\mu|arrow \mathrm{o}\mathrm{o}$ $\sigma^{2}arrow 0$ 0 . ,
$\hat{g}$ (2.16) $2n^{-2}+O(n^{-3})(narrow\infty)$ , $n^{-2}$
2 .
32. $X_{1},$ $\ldots,$ $X_{n}$ ,
$f_{1}(x;\lambda)=\{$
$\lambda e^{-\lambda x}$ $(x>0)$ ,
0( ),





. , $a,p>0$ . [ , $T_{n}=n^{-1} \sum_{i=1}^{n}X_{i}$ $\lambda$
,
$f_{T_{n}}(x;\lambda)=\{$




. $R(c)$ , $e^{-c\lambda}$ ,
$\hat{R}=(\frac{nT_{n}+a}{nT_{n}+a+c})^{n+p}$
( Antoch et a1.[8]) . $\hat{R}$ $\vee.\mathrm{C}$. , Antoch
et a1.[8] . ,
.







$\int_{0}^{\infty}\frac{g^{\prime 2}q}{I^{2}}\int_{0}^{\infty}\frac{f_{1}’f_{1}’’}{f_{1}}d\mu d\lambda=-2\frac{a^{p}c^{2}p}{(a+2c)^{p+1}}$ ,
$\int_{0}^{\infty}\frac{g’g’’q}{I}d\lambda=-\frac{a^{p}c^{3}p(p+1)}{(a+2c)^{p+2}}$











(Antoch et a1.[8] ) , (3.1) (3.2) $n^{-2}$
$\frac{a^{p}c^{2}p}{2(a+2c)^{p+4}}\{4(a-\varphi+c)^{2}+2c^{2}p+2c^{2}\}>0$





, $t$ . 1
$j(t):=E_{t} \{-3\frac{f_{1}’f_{1}’’}{f_{1}^{2}}+2(\frac{f_{1}’}{f_{1}^{3}})^{3}\}$
. , .
2. $\epsilon>0$ $a>0$ , $t\in(t_{0}-\epsilon,t_{0}+\epsilon)$ [ b)
$0<a\leq j(t)$ $j(t)<-a\leq 0$ (4.1)





. , $\hat{t}$ $t$ , $I^{*}= \sup_{t\in(t_{0}-\epsilon,t_{0}+\epsilon)}I(t),$ $I_{*}= \inf_{t\in(t_{0}-\epsilon,t_{0}+\epsilon)}I(t)$
.














$+ \frac{1}{2(E(I))^{2}E(I^{2})}\{E($ $E_{t}(-3 \frac{f_{1}’f_{1}’’}{f_{1}^{2}}+2(\frac{f_{1}’}{f_{1}})^{3}))\}^{2}n^{-2}$
$+O(n^{-3})$
$\geq\frac{1}{I^{*}}n^{-1}-\frac{E(\phi/q)^{2}}{I_{*}^{2}}n^{-2}+\frac{a^{2}}{2I^{*}3}n^{-2}+O(n^{-3})$ $(narrow.\infty)$ (4.4)
. $q(t)= \frac{1}{\epsilon}\cos^{2\underline{\pi}\zeta t}A-a2\epsilon(|t-t_{0}|\leq\epsilon)$ , (4.4)
$\frac{1}{I^{*}}n^{-1}-\frac{\pi^{2}}{\epsilon^{2}I_{*}^{2}}n^{-2}+\frac{a^{2}}{2I^{*3}}n^{-2}+O(n^{-3})$ $(narrow\infty)$
. $q$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(q)\subset(t_{0}-\epsilon, t_{0}+\epsilon)$ ,
$t\in(t_{0}-\epsilon,t_{0}+\epsilon)\mathrm{S}11\mathrm{p}E_{t}\{(\hat{t}-t)^{2}\}\geq B(\hat{t}, q)$ ,
, .
. (1) $q(t)= \frac{1}{\epsilon}\cos^{2\underline{\pi}\zeta t}A-a2\epsilon$ , $\int^{\acute{\mathrm{L}}^{2}}qdt$ (Ghosh[4],
Borovkov[9] ).
(2) (4.1) , $j(t)$ , $j(t_{0})\neq 0$ $\epsilon>0$ .
(3) Borovkov[9] : $t$ $\hat{t}$
$t \in(t_{0}-\epsilon,t_{0}+\epsilon)\mathrm{S}11\mathrm{p}E_{t}\{(\hat{t}-t)^{2}\}\geq\frac{1}{nE(I)+\pi^{2}/\epsilon^{2}}$
. , $E(\cdot)$ $\mathrm{S}11\mathrm{p}\mathrm{p}(q)\subset(t_{0}-\epsilon, t_{0}+\epsilon)$
$q$
.
$t \in(t_{0}-\epsilon,t\mathrm{o}+\epsilon)\mathrm{S}11\mathrm{p}E_{t}\{(\hat{t}-t)^{2}\}\geq\frac{1}{I^{*}}n^{-1}-\frac{\pi^{2}}{\epsilon^{2}I_{*}^{2}}n^{-2}+O(n^{-3})$ $(narrow\infty)$ . (4.5)
, , (4.2) (4.5) $n^{-2}$ .
$t$ $X$ (- $\mu$ ) , exp{a(t)T(x)-\gamma (t
. , $a(t)$ $t$ 3 , $a’(t)\neq 0$ .
, , $j(t)= \frac{a’’’}{a(},tt\mathrm{Q}\gamma’)(t)-\gamma’’’(t)$ .
(4.1) , (4.4) , (4.2) :




, $X_{1},$ $\ldots,$ $X_{n}$ , $N(t, 1)$ # , $a(t)=$
$t,$ $\gamma(t)=t^{2}/2$ $j(t)=0$ .
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